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Abstract. Meyer sets have a relatively dense set of Bragg peaks and 
for this reason they may be considered as basic mathematical examples 
of (aperiodic) crystals. In this paper we investigate the pure point part 
of the diffraction of Meyer sets in more detail. The results are of two 
kinds. First we show that given a Meyer set and any intensity a less 
than the maximum intensity of its Bragg peaks, the set of Bragg peaks 
whose intensity exceeds a is itself a Meyer set (in the Fourier space). 
Second we show that if a Meyer set is modified by addition and removal 
of points in such a way that its density is not altered too much (the 
allowable amount being given explicitly as a proportion of the original 
density) then the newly obtained set still has a relatively dense set of 
Bragg peaks. 



1. Introduction 

In 1984 Shechtman, Blech, Gratias, and Cahn announced the discovery of 
a clear diffraction pattern with a fivefold symmetry, which is impossible in 
a fully periodic crystal [T7], a discovery for which Shechtman was awarded 
the Nobel prize in Chemistry in 2011. 

In the past 25 years hundreds of physical materials with pure point diffrac- 
tion and no translational symmetry have been found. In 1992 the Interna- 
tional Union of Crystallography changed the definition of crystal to "any 
solid having an essentially discrete diffraction diagram" . 

Given a point set A C M. d , its diffraction pattern is the measure 7, where 
7 is the autocorrelation measure of A (see Section [3] for a precise definition 
of 7). As any measure, 7 can be decomposed into its pure point, absolutely 
continuous and singularly continuous components: 

7 = (l)pp + (t)oc + (l)sc ■ 
The pure point component of the diffraction can be described as (j) pp = 
Y^x^B a ^x-> wnere a x > an £> is the set of Bragg peaks. It is usually 
understood that the diffraction of A is essentially discrete if B is a relatively 
dense subset of M d . 
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A Meyer set is a Delone subset A of M rf so that the set of difference vectors 
A := A — A is uniformly discrete. While this definition looks simple, the 
full characterization of Meyer sets |14| shows that this is actually a strong 
requirement. Any Meyer set actually has a strong internal order and one 
would expect this to show in a diffraction experiment. Indeed we proved 
that the diffraction of any Meyer set shows a relatively dense set of Bragg 
peaks [16) . The family of Meyer sets is so far the largest known family 
of point sets which is both easy to characterize and shows an essentially 
discrete diffraction. 

The goal of this paper is to look closer at the pure point component of 
the diffraction of a Meyer set A. 

In any physical diffraction experiment we cannot see the Bragg peaks of 
arbitrary small intensities. There is actually a threshold a > so that we 
can only see the Bragg peaks of intensity at least a. We will call these the 
a- visible Bragg peaks. Formally, the set of a- visible Bragg peaks is defined 
as 

1(a) := { X G R d m X }) > a} , 

The main result we prove in this paper is that for a Meyer set A with 
autocorrelation measure 7, and for all < a < 7({0}), the set 1(a) of 
a- visible Bragg peaks is a Meyer set. 

We also prove on the way that the pure point part 7 PP is an almost periodic 
measure in a suitable topology, called the sup topology ( see Definition 13.41 
and Definition 13.31 for the exact definition). 

While we are usually interested in the Bragg peaks of high intensity, many 
point sets exhibit Bragg peaks with intensity as small as possible. We will 
show that aperiodic Meyer sets exhibit a much stronger property: If A is 
a Meyer set which is not a subset of a periodic crystal, then for any open 
interval I C [0, 7({0})], the set of Bragg peaks with intensity in I is a Meyer 
set. 

All these results are collected in the main Theorem in this paper: 
Theorem 15.11 Let A be a Meyer set in M d , let 7 be an autocorrelation of 
A and let A := A - A. Then: 

i) Let < e < 1. Then, for all x £ A e we have 

7(M > (1 - e)7({0}) • 

In particular A e C B. 

ii) For each < a < 7({0}) there exists an e > and a finite set F 
so that 

A e C/ a ( 7 ) CA'IF. 
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iii) For each < a < 7({0}), the set 1(a) is a Meyer set. 

iv) 7 Pp is a nontrivial sup almost periodic measure. 

v) If A is not a subset of a fully periodic crystal, then for all < b < 
a < 7({0}) the set 

{x\b < 7(W) < a}, 

is a Meyer set. 

While we are mainly interested in the diffraction of Meyer sets, we will see 
in Section [3] and Section 0] that most of the results from Theorem 15.11 hold 
for the Fourier Transform rj of any positive and positive definite measure rj 
with Meyer set support and with rj pp ^ 0. Some of the more general results 
we prove in these sections might be of independent interest to some people. 

The second question we study in this paper is what happens if we take a 
Meyer set A and change it by removing and adding a "smaller" set. If T is 
the set we obtain by this process, then it is easy to see that V is obtained 
from A, by removing A\T, and then adding T\A. Thus, our change is exactly 
A A r. In Theorem 18.81 we prove that that if we start with any Meyer set A, 
and if the density of our percolation A A T is much smaller than the density 
of A, then some of the Bragg peaks of A still show in the diffraction of T. 

This paper is organized as follows: In section [3] we study the connection 
between the e-dual characters of a set A and the set of sup almost periods of 
rjpp, where rj is a positive definite measure supported inside A. In Theorem 
13.51 we prove that A e is a subset of the set of Ce sup almost periods of 
rjpp, for some C. In Section [5] we use this result to study the connection 
between A 6 and the sets I a (Tj), while in Section [5] we look to the diffraction 
of Meyer sets. In Section [7] we see that under the Meyer assumption, we 
get a stronger version of the Cordoba result on diffraction of crystals. We 
conclude the paper by looking to small percolation of Meyer sets. 

2. Preliminaries 

The setting of this paper is W 1 , whose dual group is also M d . To avoid 
confusion, we will always use x, y, z to denote elements in M d , and use Xi 4> 
and ip to denote elements in the dual group M. d ~ ~R. d . 

The duality between ~R d and M. d ~ M d is given by 

<X,x>= e~ 2 ™-* =: X (x), 
where x ■ x denotes the dot product in M. d . 

Meyer sets in IR rf were introduced by Y. Meyer in |13j . and fully charac- 
terized by R. V. Moody: 
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Theorem 2.1. [H] Let A C M d be relatively dense. Then the following are 
equivalent: 

i) A is a subset of a model set, 

ii) A — A is uniformly discrete, 

iii) A is discrete and there exist a finite set F so that A — A C A + F, 

iv) For all < e, the e-dual set 

A e :={ xG R d | |l- x (aO|<e} 

is relatively dense, 

v) For some < e < 1/2, the e-dual set A e is relatively dense, 

vi) For all < e, and any algebraic character <f> onM. d , there exists a 
continuous character \ G M. d so that 

sup|x(z) - 4>(x)\ < e. 
xeA 

Definition 2.2. A set A C M rf is called a Meyer set if A is relatively dense 
and A — A is uniformly discrete. 

Any Meyer set verifies all the conditions of Theorem 12.11 
Lets observe that if A is a Meyer set and A := A — A is the set of relative 
position vectors in A, then with F given by iii) in Theorem 12. II we have: 

A - A = (A - A) - (A - A) c (A + F) - (A + F) = A + F - F . 

Moreover, A is uniformly discrete and contains a translate of A, thus it 
is also relatively dense. Hence 

Fact 2.3. If A is a Meyer set and A = A — A, then A is also a Meyer set. 

In particular, if A is Meyer, then for all e > the set A e is relatively 
dense. This is the key for most results proven in this paper. 
Next we will review the mathematics of diffraction. 

Let a; be a translation bounded measure in M d . Given a van Hove sequence 
{A n } n , we define 

7n ' Voi(4») • 

It was shown in [3 J that for a translation bounded measure u, there exists 
a space A4 ( ^(M. d ) which is compacta in the vague topology so that j n £ 
M%{R d ) for all n. It follows that the sequence 7„ always has cluster points. 

Definition 2.4. Any cluster point 7 of the sequence -y n is called an auto- 
correlation ofui. 
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The measure 7 is positive definite, thus Fourier Transformable. Its Fourier 
Transform 7 is a positive measure, called the diffraction measure ofui. 

If 7 is an autocorrelation of w, by eventually replacing {A n } by a subse- 
quence we can always assume that 



7 = lini7 n . 

n 

Different choices of van Hove sequences could lead to different autocor- 
relation measures, and thus also to different diffraction measures. Anyhow, 
for the results we prove in this paper, the choice of autocorrelation will be 
irrelevant, if one picks a different autocorrelation the same result will still 
hold. 

If supp(u;) C A for a Meyer set A, then for all n we have supp(7 n ) C 
A — A =: A. Since A is uniformly discrete, it follows that supp(7) C A. 
Thus we get: 

Fact 2.5. If supp(cj) is a subset of a Meyer set A, then the support of any 
autocorrelation 7 of A is a subset 0/ A := A — A. 

Given any u, and an autocorrelation 7, the diffraction measure 7 it can be 
decomposed in the discrete, absolutely continuous and singularly continuous 
components: 

7 = %p + lac + lsc ■ 

The discrete component 7 PP can be written as 



xeB 



where 



B:={ x eR d m x })^0}. 
B is called the set of Bragg peaks of oj. 

The intensity of Bragg peaks can be calculated by the following formula: 

Theorem 2.6. [8] [11] Let 7 be a translation bounded Fourier Transformable 
measure. Then, for all \ E M. d we have 

(1) 7 ({X}) = lim J A v 



Voi(A0 
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3. e-DUAL CHARACTERS AND SUP ALMOST PERIODICITY 

In this section we show that for a Fourier transformable measure rj on R , 
with supp(r/) C A, the sets A e of e-dual characters are sup almost periods 
for rj pp . 

For the entire section {A n } is a fixed van Hove sequence. 

The main tool we are going to use in this paper is the following result: 

Theorem 3.1. Let rj be a Fourier transformable measure and let supp(ry) C 
A. Then, there exists a constant C > such that for all < e,x £ an d 
for all tp E A € we have 



(2) \v({^ + x})-v({x})\<Ce 

Moreover, if n is positive, (dp will hold for C = 7({0}). 
Proof: Let 

\n\{A n ) 
C = hm sup Tr , . 
n->oo Vol(>i n J 

Since 77 is translation bounded, < C < oo. 

Let e > 0. Then, for any ^ £ A e , any x £ an d x 6 A we have: 

10 + - x0)| = 1x0) OOO -1)1 < e . 

Combining this result with Theorem 12.61 an d using supp(r/) C A we get: 



[a K^P + x)( x ) — x( x )\ d\n\(x) 



Vol(A 



(3) = lim 



Ja^aIO + X)(g) - X{x)\ d\rj\(x) 
Vol(A„) 



f 4 A ed\n\(x) 

n Vol(^4 n ) 



If rj is positive, then 



6 = hmsup Tr . , . . = hm = r/({0}) , 

oo Vol(i n ) n->ooVol(A„) 



n. 

which proves the last claim. 



□ 



Remark 3.2. Later in the paper we will need sometimes to assume that the 
constant C in Theorem \3. 1\ satisfies C > 0. This can be done, since it is 
easy to see that we can replace C in Theorem \3.1\ by any larger number. 
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The property we got in Theorem l3.1l is very similar to the notion of almost 
periods. We introduce now a topology on the space of discrete translation 
bounded measures for which, ([3]) is equivalent to tp being an Ce-almost 
period. 

Definition 3.3. Let AA p * p '(M. d ) denote the space of discrete translation bounded 
measures. We define a norm on .A/f^(R rf ) by 

(4) H/xlloo := sup MM) | 

x€R d 

This is called the sup norm on _M^(R rf ) ; and we will refer to the topology 
defined by this measure as being the sup topology. 

One can observe that the definition || • ||oo of H] makes sense for any measure 
in Ai°°(M. d ). Anyhow, on this space || • ||oo is a semi-norm, and it is easy 
to check that ||/i||oo = if and only if [i is a continuous measure. For this 
reason we are only interested in the sup norm of a discrete measure. 

Now we can define the notion of almost periods for a measure in this 
topology. 

Definition 3.4. Let \i G M^ p (R d ). We say that t G R d is an e-almost 
period for /jl if 

1 1 A* - TtuWoo < e , 
where T t denotes the translate by t operator. 
We denote by P e °°(/i) the set of e-almost periods of n, that is 

Pf(jj) :={iGM d |||^-T^|| 00 <e}. 
The measure n G 7W^(IR a! ) is called sup almost periodic if for all e > 

the sets are relatively dense. 

An immediate consequence of Theorem 13.11 is: 

Theorem 3.5. Let n be any Fourier transformable measure and A be so 
that sup(^) C A. Then 

i) There exists a C > so that , for all e > we have 

ii) If A is a Meyer set, then rf pp is sup almost periodic. 

Proof: 

i) Let Co be the constant from Theorem 13.14 and let C > Co be any 
number. Then, by Theorem 13 .1\ for all x G A e we have 
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||%, - T^ppWoc < C e < Ce . 
ii): Since A is a Meyer set, all the sets A e are relatively dense by theorem 
12.11 Thus by i), all the sets -P<^(%>) are relatively dense. 

□ 

4. Positive Definite Measures with Meyer set support. 

For this entire section A is a Meyer set and n is a positive definite measure 
with supp(ry) C A and rf pp / 0. We will study the connection between the 
sets A e , and the set B := {xl^?({x}) / 0} ■ 

First lets look at the assumptions we make. 

The Meyer condition of A is needed since most of our proofs will be based 
on the relatively denseness of A e . 

The positive definiteness of rj makes some of the proofs easier. One can 
probably generalize the results in this section to Fourier Transformable mea- 
sures, by looking at |?y(x})|j anyhow the main application we are interested 
is the case when r\ is an autocorrelation measure. Thus in all cases we are 
interested, r] is positive definite, and since this assumption eliminates some 
complications from the proofs, we will work in this case. 

Finally the condition fj pp ^ is needed in order to make sure that B ^ 0, 
otherwise there is nothing to say about it. In general this condition is easy 
to check, as shown in |16j : 



Theorem 4.1. [16] Let r] be a Fourier Transformable translation bounded 
measure with supp(r/) — supp(ry) uniformly discrete. Then rj pp = if and 
only if 

i im M = . 

n Vol(A n ) 

We need to introduce few definitions first : 
Definition 4.2. Let n be a positive definite measure. We define 

Isupiv) ■= sup rj{{x\) ■ 



Note that since r\ is positive definite, the measure r\ is positive and hence 
^pplloo- I n particular, L sup {rj) > 0, with equality if and only if 
Vpp = 0- Moreover, if rj is positive and positive definite, then it follows 
immediately from Theorem 12.61 that 

Isupiv) = v({o}) ■ 
Also X e B if and only if rf({ X }) £ (0, I SU p{l)] ■ 
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As we said, the goal of this section is to study connection between B and 
A e . We will do this, by looking to the elements of B which are not arbitrary 
close to 0: 

Definition 4.3. Let a£i For a positive definite measure n we define 

I a (v) :={x6R^(W)>a}. 

Lets observe that for a > I sup (r]) we have I a (v) = while for a < we 
have I a (rj) = R d . Thus, we are only interested in I a {rf) for < a < I sup {n). 
The main result in this section is: 

Theorem 4.4. Let n be a positive definite measure, A a Meyer set with 
supp(n) C A. If eta pp / 0, then there exists a C > so that: 

i) For any e > we have: 

I a (v) ± A e C h-cM ■ 

ii) For each < a < I sup (rf), exists an < e(a), so that for each 
< e < e(a) there exists a \ S M d and a finite set F for which 

X + A e C / a (7?) C A f |f . 

Moreover, if n is positive, x can be chosen to be 0. 
hi) For all < a < I SU p(v)> Ia{fi) is a Meyer set. 

Proof: 

Let Co be the constant given by Theorem 13,11 and let C > Cq. 

i) Follows trivially from Theorem 13.11 since A e = — A e . 

ii) We will see that the first inclusion works as long as 2Ce < a, while the 
second works for all epsilon for which 2Ce < mm{a, I sup (rj) — a}. 

Thus lets set 

_ mm{a,I sup (r]) - a} 
e[a): ~ 2C + 1 

Let < e < e(o). Then 

2Ce < min{a, I sup (r]) - a} . 

By the definition of I sup (rj), there exists a x so that rj({x}) > L sup {ri) — Ce. 
Note that if n is positive, we can chose x = since, in this case, I sup (r]) = 

Vim- 
Step 1: We show that x + A e C I a (v)- 
Let tp E A e be arbitrary. By Theorem 13.11 we have 

m^ + x})-v({x})\ <Ce. 
Since the measure rj is positive, by the triangle inequality we get: 



10 



NICOLAE STRUNGARU 



rf({^ + X» > v{{x}) ~ \rK{ip + X» ~ r}({x})\ > v({x}) ~ Ce . 
Using now the fact that rj({x}) > Isupiv) ~ Ce we get 

rj{bl> + x}) >I S up(rj)-2Ce>a, 

which proves that 

l(> + X£ Ia(v)- 

Step 2: We show that there exists a finite set F so that I a {v) C A € + F: 
First lets pick b := a — Ce. Then b > 0. 

Since A e is relatively dense, there exists a compact set K so that A e +K = 
M. d . 

The idea for the remaining of the proof is very simple: Given and element 
ip G I a , the set ip — A e must meet K, and at any intersection point (f> we 
have ({</>}) > b. But, by the regularity of rj we can only have finitely many 
elements <p in K so that ??({^>}) > 6, and this will define our finite set F. 

Let 

F := {<P G i^({</>}) > 6} = / 6 (r?) D K . 
Then F is a finite set. 

By i) we know that I a {v) — A e C (77) . 

Let 4> G / a (?7)- Since G M d = A e + if, we can write 4> = tp + t with 
i/) £ A e and r£if. 
Then we have 

t = <f>- ip € I a (rj) - A e C I b (rj) . 
Thus, r G 4(77) n if = F. 

We proved that any 4> <E I a (v) can be written as <p = ip + r with i^e A £ 
and r G F. This proves that 

Jofa) C A e + F. 

in) 

Pick some < e < min{e(a), \}. 
By ii), we have 

X + A e C ^(r?) C A e + F. 

for some % G M rf and some finite set -F. 

Since A is a Meyer set, and < e < i, the set A e is also a Meyer set, and 
thus so is A e + F. 

Hence I a {v) is a subset of a Meyer set. Moreover, it is relatively dense, 
since it contains x + A e . 
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Therefore I a (v) 1S a Meyer set. 

□ 

For the reminding of the section we will study when I a (v) = & f° r some 
a > 0. We will prove that if this happens, then both A and B are subsets 
of finitely many translates of lattices. More exactly, we will show that if 
Ia(v) = & f° r some a > 0, then there exists a lattice L and finite sets 
Fi C R d and F 2 C R d so that 

A C L + Fi ; B C L* + F 2 , 
where L* is the dual lattice of L. 

This result will prove that, unless rj is supported inside a fully periodic 
set, for each e > 0, we can find a x so that < rj{{x}) < e - 
We need first to prove a simple Lemma: 

Lemma 4.5. Let A C T C R d be so that A is relatively dense and T has 
finite local complexity. Then, there exists a finite set F so that rcA + F. 

Proof: Let K be compact so that A + K = R d . Let F := (T-T)r\K. Then 
F is finite. 

We prove that r C A + F. 

Let x € r. Since x G R d = A + K we can write x = y + / with y £ A and 

Then / = i-|/er-Acr-r. Thus / e (r — r) n -fif = -F. 
Hence 

x = y + /;yGA,/GF. 

□ 

We will now show that if I a (v) = h(v) f° r some < b < a < I SU p(v) then 
there exists a lattice L and two finite sets F\ , F 2 so that A C i + Fi and 
Ia(v) C + i^2- The idea behind this proof is simple: pick an e > so 
that I a (v) ± A e C h(ji) = laiv)- Thus, any x G A e is a period for I a (rj), 
and hence so is the group L* generated by A e . It is easy to prove that this 
group is a lattice, and then Lemma 14.51 completes the claim. 

Proposition 4.6. Let rj be a positive definite measure and let supp(ry) C A. 
If A is a Meyer set and / I a (i]) = h(v) f or some < b < a, then there 
exists a lattice L, with dual lattice L* , and finite sets F\ y F 2 so that 

AcL + F 1 ;I a (n)cL*+F 2 . 
Proof: By Theorem 14.41 there exists some < e < ^ so that, 

I a ( V ) - A e C I b ( V ) . 
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Since I a {f]) = h(rj) we get 

J a fa)-A e cl fa). 
Let L* be the group generated by A e . Then 

I a ( V )-L*C I a ( V ). 

We claim that L* is a lattice in R d . Since A 6 is relatively dense, we get 
that L* is a relatively dense subgroup oiR d . To prove that L* is a lattice, 
we need to show that it is also discrete. But this follows from 

I a (v) ~L*C I a ( V ) . 

Indeed, for some x G Ia{v) we S e ^ that 

X - L* C ^(r?) . 

But then, by Theorem 14.41 the set I a (v) i s uniformly discrete, and thus, 
so is L*. 

We proved so far that L* is a lattice. 

Since x ~ L* C I a (r)),L* is relatively dense and I a (??) is a Meyer set, it 
follows from Lemma 14.51 that 

I a (v) CL* + F 2 , 
for some finite set F 2 . This proves the second part of our claim. 
Now we prove the rest of the claim. Let L be the dual lattice of L* . 
Since A e C L* , we get [H] 

(L*) e C A" . 

But for any < e < ^, the e dual set of a lattice is the dual lattice [14] . 
and thus 

L C A" . 

Using the fact that L is a lattice, and A ee is a Meyer set, we get again by 
Lemma 14.51 that 

A" c L + F x , 

for some finite set -Fi. 

Our claim follows now from 



A C A' 



□ 
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We conclude the section with an interesting consequence of Proposition 

\m 

Corollary 4.7. Let r/ be a positive definite measure and let supp(??) C A. 
If A is a Meyer set and I a (v) = $ 7^ for some a > 0, then there exists a 
lattice L, with dual lattice L* , and finite sets F\,F% so that 

A C L + Fi ; B C L* + F 2 . 

5. Diffraction under the Meyer condition 

If 7 is the autocorrelation of some translation bounded measure fi, and 
supp(7) is a (subset of a) Meyer set, the results proven in Section H] yield 
some interesting consequences about the set of Bragg peaks in the diffraction 
of \x. 

Lets observe that in this case 

lad) = {xe ^| 7 (M) > a} , 

is exactly the set of Bragg peaks of intensity at least a. We will call this 
set, the set of a -visible Bragg peaks. 

Lets start by looking to the diffraction of a Meyer set A. If 7 is an 
autocorrelation of A, then 7 is positive and j pp is nontrivial (see |16| for 
example) . 

Theorem 5.1. Let A be a Meyer set in M. d , let 7 be an autocorrelation of 
A and let A := A - A. Then: 

i) Let < e < 1. Then, for all \ £ A e we have 

7({x}>(l-e)7({0}). 

In particular A'cB. 

ii) For each < a < 7({0}) there exists an e > and a finite set F 
so that 

A e C 4(7) CA £ |F. 

hi) For each < a < 7({0}), the set 1(a) is a Meyer set. 

iv) Ipp is a nontrivial sup almost periodic measure. 

v) If A is not a subset of a fully periodic crystal, then for allO < b < 
a < 7({0}) the set 

{x\b<7{{x}) <a}, 

is a Meyer set. 
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Proof: 

[i)] By Theorem 13 .1\ since 7 is positive we have 

|7({0})-7({X})I<6 7 ({0}). 

which implies the desired inequality. 

ii) and Hi) follow immediately from Theorem 14.41 

iv) We know that 7 PP is nontrivial by [16]. Hence, this claim is an imme- 
diate consequence of Theorem 13.51 

v) Let c = £±& an d let < e < Then b < c - 2e < c + 2e < a. Note 
that c is exactly the midpoint of (6, a). 

We will prove this claim in two steps. We will first find some x so that 
It({x}) ~ c \ < c ) an d then, we will show that for all elements in x + Ac the 
intensity is within 2e of c, thus between b and a. 

Since A is not a subset of a fully periodic set, by Proposition 14.61 we get 
that I c - e (i) ± Ic+eil)- Thus 

7 c+e ( 7 )g/c-e(7)- 

Pick some ip S / c _ e (7)\I c+e (7). Then 

l7(W)-c| <e. 
Now, for all y> G A^({°» we have 

+ X» - c| < |7({^ + X}) " 7({X»I + |7({X» - c| < e + e = 2e . 

Thus 

$ + AW C < 7({X}) < • 

Now our claim is immediate. The set {x\b < 7({x}) < °} contains the 
relatively dense set tp + A £ / c , and is a subset of ^(7), which is a Meyer set. 
Thus, {x|b < 7({x}) < is a Meyer set [H]. □ 

A Meyer set A can have multiple autocorrelations. If 71 and 72 are two 
different autocorrelations of a Meyer set A, then the corresponding sets 1(a) 
and B can be very different, but Theorem 15.11 can be applied for each of 
them. The following is an interesting consequence of Theorem 15.11 ii): 

Corollary 5.2. Let A. be a Meyer set and let 71,72 be two autocorrelations 
of A. Let < a\ < 7i({0}) and < 02 < 72({0}). Then, there exists a 
finite set F so that 

I ai (71) C 4, (72) + F ; I a2 (72) C I ai {ji) + F. 
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It is easy to see that most of the arguments we did in the proof of Theorem 
15, II hold for the larger class of weighted Dirac combs with Meyer set support. 
The only facts we used in the proof of Theorem 15, 11 which don't necessarily 
hold for weighted combs are the positivity of the autocorrelation, and the 
existence of Bragg peaks in the diffraction. If we put these two conditions 
as extra requirements, we get: 

Theorem 5.3. Let A be a Meyer set in M d , let ui = ^2 xe ^^(x)5 x be a 
translation bounded measure, let 7 be an autocorrelation of uj and let A : = 
A — A. If^pp is nontrivial then: 

i) There exists an eo > and a character x so that for all < e < eo 
we have x + A e C B. 

ii) For each < a < Isupil) there exists an e > and a finite set F 
and some x so that 

X + A e C/ a ( 7 )cA s + F. 

hi) For each < a < 7 ({0}), the set 1(a) is a Meyer set. 

iv) 7pp is a nontrivial sup almost periodic measure. 

v) If A is not a subset of a fully periodic crystal, then for each < 
b < a < 7({0}) the set 

{x\b < 7({x}) < a}, 

is a Meyer set. 

Proof: We only need prove £), everything else is obvious. 
Since 7 PP is not trivial, we can find some x so that 

V({X}) >0. 

By Theorem 13. 1\ there exist a C do that for all e > 0, all ip £ A e and 
X € R d we have 

m^ + x})-v({x})\<Ce. 

Exactly like in the proof of Theorem 15 .1\ if we make Ce < rj({x}) we g e t 
r)({4> + x}) 7^ 0- Thus, picking any < eo so that Ceo < ^?({x}) completes 
the proof. □ 

The main requirement for most proofs is not that the point set A or the 
measure uj is supported on a Meyer set. Instead we only need the autocor- 
relation 7 to have a Meyer set support, which is a weaker requirement. This 
can happen without the original measure having a Meyer set support. A 
simple such example is 

A:= { n + I|neZ\{0}}. 
n 
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This A is a non- Meyer Delone set, which has an unique autocorrelation 
7 = <5z- 

In this situation we can still prove the following: 

Theorem 5.4. Let uj be a translation bounded measure, let 7 be an autocor- 
relation of u. 7/supp(7) C A for some Meyer set A and if"f pp is nontrivial 
then: 

i) For each < a < I sup {^), the set 1(a) is a Meyer set. 

ii) 7 PP is a nontrivial sup almost periodic measure. 

6. A NOTE ON THE DYNAMICAL SPECTRA OF A MEYER SET 

In this section we will se an interesting consequence of Theorem 15.11 to 
the eigenfunctions of the dynamical system X(A) corresponding to the set 
Uo< e <iA e . Lets recall first the following Theorem. 

Theorem 6.1. [12] Let m be a square integrable probability measure on the 
space of all measures on G, with associated autocorrelation^ 7 = "f m . For 
(p G C C (G) and A E G, the following assertions are equivalent: 

(i) |£| 2 (A) 7 ({A}) > 0. 

(ii) E({X})U ± 0. 

(hi) There exists an f 7^ with f = E({X})f in the closed convex hull 
/{(V)T%:tGG}. 

Combining this result with Theorem 15-H we get: 

Corollary 6.2. Let A be a Meyer set, < e < 1, x S A e and m any ergodic 
measure on X(A). Let c e C c (R d ) be so that c{\) + ; and let f c : X(A) -)■ C 
be defined by 

f c (K') = c(-x) . 
xeA' 

Then the closed convex hull of {(x, £)?t/ c : t G M. d } in L 2 (X(A), m) con- 
tains some eigenfunction f x corresponding to x- 

Proof: We start by proving first the following Lemma: 

Lemma 6.3. Let A. be a set with Finite Local Complexity, let A = A — A 
and let V £ X(A). Then 

r-r c a. 



See [3] or [12] for the definition of the associated autocorrelation for (X(A, m). 
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Proof: Let x, y G T. Pick some R > so that x, y G T n #r(0). 

For each n > we can find some t n G so that T n -B n C Xf n A + .B j_ . 

71 

Thus, we can find some x n , y n G A so that d(x, x n — i n ) < ^ and y n — 
Let z„ = x n - y n G A. 

Then d(x — y, z n ) < ^. This, shows that x — y is in the closure of A. But 
since A has Finite Local Complexity, A is closed, thus 

x — y G A . 

□ 

We now return to the proof of Corollary 16.21 

Let 7 be the associated autocorrelation of m. Then, for m-almost all 
r G X(A), 7 is the autocorrelation of T |12j . 
Pick one such T. Then r — T C A . 
In particular, T is also a Meyer set. 

Since x S A e C (r — r) e and < e < 1, it follows from Theorem 15.11 that 

7(M)/0. 

Now our claim follows from Theorem 16. 1[ 

□ 

7. Cordoba's Theorem on Crystals 

One known result in crystallography, due to Cordoba, says that if the 
Fourier transform of 5r is pure point and T is uniformly discrete, then we 
are in the periodic crystal case. Since the original proof is very long, one 
would like to get a simpler one. In this section we will see that, under the 
extra Meyer set assumption, we can prove stronger versions of this result. Of 
course the Meyer assumption is a strong requirement, and thus our results 
are actually weaker than the Cordoba Theorem. 

The Cordoba Theorem states: 

Theorem 7.1. [7] Suppose that the point sets A\, A n are pairwise disjoint 
and r = IJiLi ^-i * s uniformly discrete. Let 

n 
i=l 

for some (different) complex numbers c±, ...,c n . Ifjiisa translation bounded 
pure point measure, then each Aj is a finite disjoint union of translates of 
lattices. 
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The first result we get in this section, is an immediate consequence of 
Corollary H~T1 

Theorem 7.2. Let \i be a positive translation bounded measure and let \i vv = 
Sxer fJ>(x)5 x - Suppose that \x is Fourier transformable, /J is supported on a 
Meyer set and that there exists an a > so that fi(x) > a for all x £ T. 
Then F is a subset of finitely many translates of a lattice. Moreover, supp(/I) 
is also a subset of finitely many translates of some lattice. 

Proof: Since fi is positive, we get that jl is positive definite and thus Fourier 
Transformable. Moreover pQ 



Applying now Corollary |4.7l to the measure /2 we obtain the desired result. 



If we compare Theorem 17.21 to Theorem \7.1\ we don't require that \x 
is a discrete measure, and we also weakened the requirement that \i has 
uniformly discrete support and only takes finitely many values to asking that 
fi({x}) doesn't come arbitrarily close to 0. But we added two conditions: \x 
positive and supp(/i) is a Meyer set. 

We conclude the section by providing a very simple proof of Theorem 17.14 
under the extra assumption supp(^) is a Meyer set: 

Proposition 7.3. Suppose that the point sets Ai, A n are pairwise disjoint 
and A = UILi ^ * s a Meyer set. Let 



i=l 

for some pairwise distinct nonzero complex numbers ci,...,c n . 

Ifflisa discrete Fourier Transformable measure, then each Aj is a finite 
union of translates of the same lattice. 

Proof: Let K be a compact set with non-empty interior, so that (A — A) n 
K = {0}. Such a set exists because A — A is uniformly discrete. 

Recall that on the space of translation bounded measure we can define a 
norm || \\k by 

\\v\\k = sup \v\ (x + K) . 

x£R d 

A measure v is called norm almost periodic, if for each e > the set 



□ 



n 




P € {y) = {te R d \ - T t v\\ K < e} 



is relatively dense. 
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Since ju is pure point diffractive, and supp( / u) is Meyer, it follows that /i 
is norm almost periodic [5]. 

Now we prove that \i is fully periodic. Pick some 

< e < min{|cj — Cj\ \i ^ j} U {|cj| |1 < i < n} . 

We will show that any e-norm almost period of /x is also a period. 
Let t G P e (/j) and x G R d . Then 

H{x})-fx({x + t})\<€. 

We know that fi({x}), fj,({x + 1}) e A := {a\l < i < n} U {0}. 
Also, by the definition of e, if a, b £ A with a ^ b, we have \a — b\ > e. 
Hence 

MW) = + t}) . 

Thus, since x S l rf is arbitrary, we get that t is a period for /i. 
Let 

L := {t G M rf |Tt/x = //} , 

be the group of periods of /i. Then, P t {[i) C L, which shows that L is 
relatively dense. Also, since supp(/i) C A, it is easy to show that L C A — A, 
hence L is also uniformly discrete. 

Thus L is a lattice. 

Now the rest of the proof is simple. Since q are nonzero and pairwise 
distinct, it follows immediately that Aj + L = Aj. 

Let Kq be a fundamental domain for L, and let Fi := Aj n Kq. Then 

Fi + L C Aj + L = Aj . 

Also, any x G Aj can be written as x = y + z with y £ L and z G ATo- But 
then 

z = x — yGAj + L = Aj. 
Thus, z G Aj n Aq = -Fj. This shows that x G L + Fi, and hence 



Fj + L C Aj C Fj + L . 



□ 
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8. Small Deformations of Meyer sets 



Given a Meyer set A, we know that the set B of Bragg peaks is relatively 
dense. But what happens if we deform A? In this section we show that 
if the deformation is small in density, then the new point set still shows a 
relatively dense set of Bragg peaks. 

Our approach is simple: We first show that if rj, rji are Fourier Trans- 
formable measures, with 77 — 771 positive, then |t7({x}) — 771 ({x}) I attains its 
maximum at x = 0- 

From here it follows that if A C Q, then |ta({x}) ~~ ^({x})! is bounded 
by 7a({0}) — ??n({0}), a difference which can be related to the densities of the 
two point sets. Thus, we will get a simple density bound for the difference 
Ita({x}) - m({x})\; which implies that as long as one of 7A({x}),Vn({x}) 
exceeds this bound, the other is non-zero. 

Finally, if T is a deformation of A, then both N := T n A is a subset of 
both A and T, and thus the above considerations allow us to go from A first 
to N and then to T. 

Lemma 8.1. Let 77,771 be Fourier transformable measures with 77 — 771 posi- 
tive. Then, for all x £ we have: 



An immediate consequence of this Lemma is the following result: 

Proposition 8.2. Let 001,002 be two translation bounded measures, with au- 
tocorrelations 71,72- Suppose that 

7i - 72 > . 
Then, for all x £ K d ioe have 



(5) mx}) - mx})\ < mo}) - mm) . 



Proof: 



This result follows immediately from Theorem 12.61 




Vol(A n ) 



= 77({0})-77i({0}). 



□ 



fi(M) > 72(M) + 72({0}) - 7i({0}) , 

and 

72(M) > 71 ({*}) + 72({0}) - fi({0}) • 
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If < uj\ < 0J2, then it is easy to show that < 71 < 72- For this reason, 
< L)\ < 0J2 will be a standard assumption we will make in most of the 
results, since we will often need the condition 72 — 71 > 0. Note that for 
wi = 5a, W2 = 5y, the condition < uj\ < W2 is equivalent to A C T. 

Thus, if A C r, Proposition 18.21 yields: 

Corollary 8.3. Let AcT and let 7a, 7r denote their autocorrelation mea- 
sures, and let a > 7r({0}) — ?7a({0}). 

i) If A has a relatively dense set of a-visible Bragg peaks, then F has 
a relatively dense set of Bragg peaks. 

ii) IfT has a relatively dense set of a-visible Bragg peaks, then A has 
a relatively dense set of Bragg peaks. 

If A is a Meyer set, then we know that for all a < 7a ({0}) the set of 
a-visible Bragg peaks is relatively dense. For the remaining of the section, 
we will try to combine this result with Corollary 18.31 an d then replace the 
difference 7r({0}) — tta({0}) by an expression involving the densities of A 
and r. 

Proposition 8.4. Let A a Meyer set, A : A — A and let T be a Delone set. 
Let N := A n T, and let 7at, 7r denote autocorrelations of N respectively T. 
If 

2t/v({0}) > 7?({0}) , 
then there exists an e > so that A e is a subset of the Bragg spectrum ofT. 
In particular, F has a relatively dense set of Bragg peaks. 

Proof: 

It follows from Lemma 18. II that for all x £ we have 
7?({X» > 7^(M) + 7^({0}) - 7?({0}) . 

Also, since N — N C A, we get from Theorem 13.11 that there exists a 
constant C > so that, for all x G A e we have 



|7^({X})-7^({0})| <Ce. 
In particular, for all x G A e we have 

7^({X})>7^({0})-C7e, 

and thus 



7?({x})>2taK{0})-tP({0})-C6. 
The rest of the proof is now clear. Pick some 

27^({0})-7r({0}) 
C 
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Then, for all \ G ^ we have 

7?(M) > 2^({0}) - t?({0}) - Ce > . 

□ 

For the rest of the section we try to replace the condition 2tjv({0}) — 
7r({0}) > by one that is easier to understand. 

If r is uniformly distributed, then it is known [8], [11] that 

7?({0}) = dens(r) 2 . 

This would allow us to replace 7jv({0}) and 7r({0}) by the densities of 
the two sets, but we would need both sets to be uniformly distributed, a 
very strong requirement. Instead, we will prove that for arbitrary Delone 
sets, the above formula can be replaced by a inequalities involving the lower 
and upper density of the set. This will allow us weaken the restrictions on 
N and T 

We introduce now the concept of lower and upper density: 

Definition 8.5. For a Delone set r C M d and a fixed van Hove sequence 
{£>„}, we define the lower and upper density of T by: 

#(rn(x + £„)) 



dens(r) :=liminf inf 



Vol(S n ) 

l(rn(j; + 5 n )) 



dens(r) := limsup sup 
A point set T is called uniformly distributed if 



dens(r) = dens(r) =: dens(r) . 

We now prove the following Lemma: 

Lemma 8.6. Let T be a Delone set and assume that its autocorrelation 7 
exists for our van Hove sequence {B n }. Then 

( dens(r) ) 2 < 7({0}) < (dens(r)) 2 . 
Proof: Let e > be fixed but arbitrarily. Since 

then, there exists some no > so that for all n > uq and all x G W 1 we have 

< 6 > H-ra <£ - 
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and 



By [3] we have 



t(rn(x + g n )) 

ggggg)< Vol(g w ) +£ ' 



|TfV(x + 4)) 

d6ns(r)> Vol(g w ) " £ - 

7 = lim . 

m-»-oo V61(J3 m ) 



Thus there exists an mo so that, for all m > mo we have 



(7) 



* 6r(—B n 



< e. 



Vol(B n ) Yol(B m )Vo\(B ri 

([6]) and ([7]) allow us relate 7({0}) to 5r- By combining these two relations, 
for all m > max{mo,no} we have 



(8) 



7({0}) 



$rnB m *$r(-B n ) 



Vol(B m )Vol(B n ) 
A simple computation shows that 



< 2e. 



<5rnB m * ^r(--Bn) = y) I » G T n 5 m ,y G r,x - y G -5 n } 

, g x =tt{(a?,i/) I x6rnB m ,i/ern(a; + 4)} 

= ^ tt(rn(x + s n )). 

xGrnB m 

which allows us to relate 5rnB m *<5r(— -Sn) to the lower and upper density 
of r. Indeed, since 

dens(D - e < ^fe^ ; ^/j^ < deni(f) + e , 



Vol(B„) ' Vol(B m ) 



by Q we get 



Vol( J B n )Vol( J B m ) 

Now the desired result follows immediately from ([8]): 

7({0}) > V7W%7WT(- B n) - 2e > (dens(r) - e) 2 - 2e , 



Vol(B m )Vol(B r , 



and 
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w °» £ vw,) '-'- 1 + 2e " (dens(r) + £)2 + 2£ ' 

Thus , for all e > we have 



( dens(r) - e) 1 - 2e < 7({0}) < (dens(r) + e) 2 + 2e , 

which completes the proof. □ 
Suppose now that T is a Delone set, and A is Meyer. Let N := A n T. 
Proposition 18.41 tells us that the condition 

2t^({0}) > t?({0}) , 

is enough to guarantee that T has a relatively dense set of Bragg peaks, 
while Lemma 18.61 allows us replace the intensities of the Bragg peaks at 
by the lower and upper density of N. Thus, we get: 

Corollary 8.7. Let A a Meyer set, A = A — A, let T be a Delone set and 
let N = A n T . // 

y ^dens fAQ > V2dens(T) , 
then there exists an e > so that A € is a subset of the Bragg spectrum of 

r. 



We will finish this section by obtaining an upper bound for dens(A A T) 
in terms of upper and lower density of A, which implies the condition in 
Corollary EH 

Since r = A A (A A T), TisaAAT deformation of A. Theorem KE\ 
below states that if the deformation is small in density compared to A, then 
r keeps some of the Bragg spectra of A. 

Theorem 8.8. Let A a Meyer set, A : A — A, and let T be a Delone set. If 

v^+l 

then there exists an e > so that A e is a subset of the Bragg spectrum of 

r. 

Proof: We prove first that 



(10) dens(A n T) + dens(A\r) > dens (A) 

Let e > 0. 

By the definition of dens (A), there exists an no so that, for all n > hq 
and for all x we have 
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B(A n(x + B n )) 

Vol(B n ) >^( A )~ e - 
Thus, for all n > no we have 

tt [(A n r) n (x + B n )] + g [(A\r) n (x + > deng(A) _ £ ^ 



Vol(B n ) Vol(B n ) 
Using now the definition of dens(A\r), we get an rti so that, for all n > m, 
and all x we have 

tt [(A\r) n (x + b„)] 



Vol(£ n ) 

Thus, for all re > max{reo,ni} we have 



< dens(A\r) + e 



[(Anr)n(x + s n ) 



> dens(A) - dens(A\r) - 2e . 



Vol(B„) 

From which (|10p follows immediately. 

Let A?" := T n A. We will show next that (|10|) together with the condition 
from the Theorem imply 

\/2 dens (A0 > V2dens(T) . 
Indeed, by (fT0|) we have 



dens f AO > dens(A) - dens(A\r) . 
Also, the relation in the Theorem can be rewritten as 

y ^dens fA) > (V2+ l)dens(A AT) + deni(A) . 

Hence, 

V2dens(N) > \/2dens(A) - V2dens(A\r) 

> (V2 + l)dens(A A T) + deni(A) - v / 2de^s(A\r) 



> dens(A A T) + dens(A) 



> dens(r\A) + dens(r n A) > dens(r) . 
which completes the proof. 
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Appendix A. Strong Meyer sets 

In this section we try to generalize the results from this paper to the case 
of locally compact Abelian groups. The main problem we have to face is 
that the proof of Theorem 12,11 relies on the geometry of Thus, it is not 
known in general what relationship, if any, is among those conditions. 

Thus, it is not clear how one should define a Meyer set in an arbitrary 
locally compact Abelian group. In the spirit of the paper, we will use the 
definition based on the relative denseness of the e-dual characters to define 
a strong Meyer set. 

For the entire section G represents a a— compact, locally compact Abelian 
group. 9 will denote its Haar measure, while {A n } n will be a fixed van Hove 
sequence. 

We start by reviewing some results from [9] which we will need in this 
Section. We start by seeing that in general it is possible to go from fi back 
to fi: 

Proposition A.l. pQ Let fi be a transformable measure on G, with fi trans- 
formable. Then 

M = M- 

This result will play an important role for the rest of the Section, since 
the results in [9] are usually the dual results to the ones we need. Thus, we 
will generally need to apply their result to fi. This is the reason why many 
of the results below require that fi is twice Fourier Transformable. 

Proposition A. 2. If \i G A4°°(G) is Fourier transformable with fi Fourier 
transformable, then for any tp G G we have: 

f A ip(—x)du(x) 
ft M = hm jAn l A \ ■ 

Proof: Since fi is Fourier transformable, by applying the Theorem 11.3 
from [9J to the inverse Fourier transform of \i we get: 

i \a ip(—x)du(x) 

fi w = m^-v = hm JAn : (A \ y ■ 

□ 

Corollary A. 3. If fi £ Ai°°{G) is Fourier transformable and positive, then 
for any tp G G we have: 

Im(W)I<m({0}). 

Proof: Since fi is positive, fi is a positive definite measure, and thus Fourier 
Transformable [6]. 
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|M({V})I = lim 



B(A n ) 



f, \ip(— x) I dii(x) 
< lim : ( '\ - = KM) 



□ 

We can now prove a result similar to Theorem I3.lt 

Proposition A. 4. Let [i G M°°{G) be a positive Fourier transformable 
measure. Let A be any set such that supp(/i) C A. Let e > be arbitrary. 
Then, for all tp G A e and x G G we have: 

|m({V + x})-m({x»I<^({0}). 

Proof: 

Let ip G A e and x G G. Then, for all x G A we have: 

IC0 + X){-x) - x(~x)\ = \i/){x) - l| < e . 
Using the fact that supp(7) C A we get: 

\a \hP + X){— x) — (x)(— x)\ d\a\ (x) 

< lim M')MM =tVm I"!!- 4 "' 



n— >oo 



" m ^W = £?({0,) 



n— >oo 



□ 

We can now introduce the notion of strong Meyer set and look at its 
diffraction. 

Definition A. 5. Let AcG and let A := A — A. We say that A is a strong 
Meyer set if: 

i) A is a Delone set with finite local complexity, 

ii) A e is relatively dense in G for all e > 0. 

The condition A has finite local complexity is needed to make sure that 
any autocorrelation 7 of A is supported inside A. 

It is easy to see that in M. d a set A is a strong Meyer set if and only if A 
is a Meyer set. 

For the rest of the section, A is a strong Meyer set. As usual we set 
A = A — A and 7 is an autocorrelation of A. 7 is a positive and positive 
definite measure, thus twice Fourier transformable. 
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We use again 1(a) to denote the set of a-visible Bragg peaks, that is: 
1(a) :={ X GG|7(M)>a}. 

The following two results can be proved like in Section [3l and we skip 
their proofs. 

Proposition A. 6. Let A C G be a strong Meyer set, A = A — A and 1(a) 
denote the set of a-visible Bragg peaks. Then 

i) For all e > we have: 

I(a)±^Cl(a-ej({0})). 

ii) //7({0}) ^ 0, then for all < a < 7({0}) there exists an e > 
and a finite set F such that: 

A e C 1(a) CA 6 + F. 

In particular 1(a) is relatively dense. 

Proposition A. 7. Suppose that the set of Bragg peaks of a strong Meyer set 
A is nontrivial and equal to 1(a) for some a > 0. Then there exists a lattice 
L, with dual lattice L* , such that A is a subset of finitely many translates of 
L and the set of Bragg peaks is a subset of finitely many translates of L* . 

Appendix B. Vague Topology 

Given a Meyer set A, we had seen in Section [3] that the e dual characters 
A e are sup almost periods for the discrete part of the spectra j pp of A. 

An interesting Question is if there is any connection between A e and the 
continuous spectrum %. When studying this measure, the sup topology is 
useless, so we need to look at a different topology. 

In this Section we will show that, for a Meyer set A C M d , with auto- 
correlation 7, the measures 7, 7 PP and 7 C are almost periodic in the vague 
topology, and any set of almost periods of these measures contains some 
e dual characters of A. All the results of this section will follow from the 
continuity of the Fourier Transform with respect to the vague topology. 

First recall that since 7 is positive definite, it is weakly almost periodic, 
thus it can be written in an unique way as 

7 = 75 + 7o , 

where 75 is a strong almost periodic measure and 70 is null weakly almost 
periodic [9]. 

Moreover, since 7 is also positive, it follows that 7 is positive definite, 
thus both 7 and 7 are Fourier Transformable. Thus, by applying Theorem 
11.2 in [9] to 7 we get: 
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(l)pp = (is) , 

(7)c = (fo) • 
We also need the following result from |16j : 

Lemma B.l. [16] Let A' be any regular model set containing A and let 
r := A'-A'. Then 



Now, we can prove that the sets T e are sets of vague almost periods of 7, 
7 PP and %. 

Proposition B.2. Let U be any neighborhood of in the vague topology. 
Then, there exists an e > so that, for all x £ f e we have: 



Proof: Since the Fourier transform is continuous in the vague topology, 
there exists V an open neighborhood of such that, for all fj, E V we have 



Since the norm topology is stronger than the vague topology [5], there 
exists a 5 > so that 



supp(7) C r , 
supp(7s) C r , 
supp(7o) C r . 



i) 7-T x (7)e[/, 

ii) (l)p P ~ T x ((3)pp) G U, 

iii) (7)c-T x ((7) c )€E7. 



v\\k < $ => v £ V . 



Pick an e > so that 



elMlif < 5 ; e ll7slk < 5ande||7o||ir < 6. 
We show now that for all x £ f f we have 



xi - 7 ; xis - is ; X7o - 70 g v . 



Indeed 




<sup ^ |x(*)-l|-|7({*})l 

^£R d te(x+K)nr 



< sup e I7I (x + K) = e||7||K < 5 , 

x£R d 
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and thus 



XI - 7 e V ■ 
Exactly the same way we can prove 



XlS ~ 1S,X10 - 70 G V" • 
By applying the Fourier Transform, and using %/x = T x /x we get the 
desired result. 

□ 
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